Transport of Brownian particle moving along a three-dimensional throat-like channel is investigated in the presence of an external constant force. The solution of the Fick-Jacobs equation in the situation is solved, and the probability current density and particle current describing the motion of particle are obtained. It is found that entropy barrier and external force can reverse the direction of particle current. The motion of Brownian particle can be tuned by the entropy barrier and the external force.
Introduction
Transport of Brownian particles within channels, microfluidic devices, or other biological systems is a fundamental problem, which depends on the size of particle, environment, various noise, interaction between particles, and the structure of the system etc. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Effective control of particle is important and has gained increasing attentions, and the results have implications in processes such as particle separation, molecular motors, Brownian pumps, and electrophoretic transport [10] [11] [12] .
Earlier research by Zwanzig [13] was focused upon transport in a tube or channel of varying cross-section, in the absence of external force fields, with socalled Fick-Jacobs equation. Entropy barrier concept is introduced to describe the diffusion of particle. Entropy barrier produced by varying channel can modify transport properties of particle. This treatment is useful that the motion of particle in two-dimensional (2D) or three-dimensional (3D) channel can be reduced to an effective one-dimensional (1D) transport model [13, 14] . The Fick-Jacobs equation is generalized by Reguera and Rubi [14] , which can describe the system including external potential and entropy barrier. Similar researches of transport in the presence of external potential and periodic entropy potential have attracted a lot of attention in recent years [3] [4] [5] [6] [7] [8] [9] [10] . In their researches, transport properties can be analyzed by means of Fokker-Planck or Fick-Jacobs equations. However, the solutions of these equations are in general difficult and may sometimes constitute a formidable task.
The recent researches focus upon the motion of Brownian particle in a periodic channel with complex external driving force [2] [3] [4] [5] [6] [7] [8] [9] [10] . These researches are achieved by using a quasi-steady state limit to solve the Fick-Jacobs * corresponding author; e-mail: zpzhang@gzu.edu.cn equation, and have obtained the effective mobility and effective diffusion coefficient. In this letter, we investigate the motion of Brownian particle in a 3D channel with an external constant force. The solution of the Fick-Jacobs equation in the situation is solved, and the splitting effect based on the entropy barrier and the external force is analyzed.
Theoretical analysis
We consider Brownian particle moving in a throat-like channel (Fig. 1) . The over-damped dynamics of Brownian particle in a 3D channel, driven by a constant force F , directed along the axis of the channel, can be described by the Langevin equation [1] :
where r is the position vector of particle, η is the friction coefficient of particle, k is the Boltzmann constant, T is temperature, F = |F | is a constant force in x direction, and ξ(t) is a Gaussian white noise with zero mean and correlation function ξ i (t)ξ j (t ) = 2δ ij δ(t − t ) for i, j = x, y, z. The reflecting boundary condition is imposed at the channel wall [1, 3] . The shape of the channel is described by
where ω(x) is radius of the channel a and b are geometric characteristic parameters of the channel physical unit of a is µm −1 and the size of a controls the slope of the channel wall, L is the length of the channel, the size of L can be selected according to actual situation. The movement of Brownian particle moving along the axis of the 3D channel can be described by the FickJacobs equation, by following the researches [1, 2, 14] , the description of this system can be given
where
is the free energy including the energy E = −F x and the entropy
2 of the three dimensions channel entropy S determined by the channel of varying crosssection is often described as entropy barrier [14, 15] .
2 ) 1/2 is position-dependent diffusion coefficient [1, 3] , where D 0 = kT /η. J(x, t) is the probability current density, P (x, t) is the probability density for the particle at position x and at time t.
If the characteristic parameters a ≤ 1 and b ≤ 1, the diffusion coefficient approximate to constant D(x) ≈ D 0 , in this approximation, combining Eq. (2) and Eq. (3) can be given as
Note that the equation does not depend on characteristic parameter b. When the initial condition is P (x, 0) = δ(x), the solution of this equation is given by
According to Eq. (5) we can obtain the ratio
Equation (6) indicates that this ratio does not depend on time and only involves the free energy.
In the absence of an external force the free energy is pure entropy and Eq. (6) becomes
According to Eq. (3) and Eq. (5) we can obtain the probability current density
The general relation between the probability current and the particle current is given [3, 6] :
Note that D is a very small value (D 0 = kT /η = kT 6πµR [5, 16] , Boltzmann constant K = 1.3 × 10 −23 J/K, T = 300 K, viscosity of water µ ≈ 10 −3 Pa s, if radius of the particle is R = 200 nm, D ≈ 10 −12 m 2 /s≈1 µm 2 /s, in addition, in Ref. [10] , D 0 ≈ 2.7 µm 2 /s), for the convenience of physical discussion, we simulate the results with D 0 = 1 µm 2 /s and introduce a scaled force f = F/kT . In the adiabatic limit (temperature is constant) the scaled force f only depends on the force of particle. The treatment does not affect the result analysis.
Numerical simulation and discussion
The probability density as a function of the x for the different scaled force f for a fixed channel geometry (a = 1 µm −1 ), is presented in Fig. 2 . When f = −1, this corresponds to a diffusion in the absence of external force and entropy barrier. The peak of probability density is in the position of x = 0. When f = 1, the peak of probability density moves to the right in the position of x = 2, it indicates that the probability of particle moving to the right is larger than to the left. When f = 0, the situation of only pure entropy, peak of probability density moves to the right in the position of x = 1. When f = −2, the peak of probability density moves to the left in the position of x = −1, it indicates that the probability of particle moving to the left is larger than to the right. According to Eq. (5) and Fig. 2 , we can find that the peak of probability density will move with a velocity D 0 (f + a) in the x direction. The ratio p as a function of x for the different force parameter f for a fixed channel geometry (a = 1 µm −1 ), is presented in Fig. 3a . Because this ratio does not depend on time and only involves the free energy, it can preferably show the particle motility. When f = −a, P (x, t)/P (−x, t) = 1, it shows that probability of particle moving to the right is the same with the left, this corresponds to a unbiased diffusion in the absence of an external force and entropy barrier. When f > −a, P (x, t)/P (−x, t) > 1 it shows that probability of particle moving to the right is larger than to the left, particle will move to the right. When f < −a, P (x, t)/P (−x, t) < 1, it shows that probability of particle moving to the left is larger than to the right, particle will move to the left. Figure 3b plots the ratio p vs. the x, in the absence of an external force (f = 0), for the different a. When a > 0, P (x, t)/P (−x, t) > 1, it shows that probability of particle moving to the right is larger than to the left, particle will move to the right. When a < 0, P (x, t)/P (−x, t) < 1, it shows that probability of particle moving to the left is larger than to the right, particle will move to the left. When a = 0, P (x, t)/P (−x, t) = 1, this is a unbiased diffusion in the straight channel. This relation indicates that the entropy barrier will bias the diffusion of particle, from which we can know that the complex channel can give rise to multiple entropy barrier, which plays an important role in the particle motility. As the further description of the particle motility, the probability current density is illustrated schematically with Figs. 4-6. Figure 4 depicts the probability current density vs. the f , for a fixed channel geometry (a = 1 µm −1 ) and at t =1, for the different x. At a fixed position, J will reverse its direction with the change of f . The probability current density takes its positive maximum value and the negative maximum for the corresponding f . Figure 5 plots the probability current density vs. the t, in the same geometry (a = 1 µm −1 ) and at x = 0, for the different f . When f = −a, J = 0, it indicates that probability density distribution will not shift with time increasing. When f > −a, J > 0, it indicates that probability density distribution will move to the right with the time increasing. When f < −a, J < 0, it indicates that probability density distribution will move to the left with the time increasing. Figure 5 shows that J will tend to zero with the time increasing, it indicates that the probability density distribution will tend to be stable. Figure 6 plots the probability current density vs. x, in the same geometry (a = 1 µm −1 ) and at t = 1, for the different f . When the f equals to -1, 0 and 1, J will reverse with the change of x. The probability current density takes its positive maximum value and the negative maximum for the corresponding x. According to Eq. (9) and Fig. 6 , we can find: f = −1, particle current v = 0; f = 0 and f = 1, particle current is positive; f = −2, particle current is negative. The average particle current is illustrated schematically with Fig. 7 . Figure 7 depicts the particle current vs. the f , for a fixed geometry (a = 1 µm −1 ), for the different time t. Note that the direction of particle current does not change with increasing time t, just the size changes. When f = −a, particle current v = 0. When f > −a particle current is positive, the particle will move to the right. When f < −a, particle current is negative, the particle will move to the left. The magnitude of particle current depends linearly on the strength of the f . In this way, one can separate particles by different forces and make them move in opposite directions. For instance, the splitting effect can be used for separation of particles (with same size) with different charge. For a device with L = 10 mm and the same geometry and parameters (for example a = 1 µm −1 ) as in Fig. 1 , with an external static electric field E of 50 V/cm in positive direction of x, the scaled force f i = F i /kT , here F i = q i × E is the force of particle of different charge. Particles of large negative charge (q i < −5e, e = 1.6 × 10 −19 C) will move to the left with a velocity because of f i < −a (a = 1 µm −1 ), whereas particles of small negative charge (q i > −5e) or positive charge will drift to the right with a velocity because of f i > −a (a = 1 µm −1 ). In addition, the entropy barrier plays a dominant role in particle splitting effect external force and entropy barrier can be used to separate particles of different size (with different diffusion coefficient and driven force) in a periodic channel [10, 17] . We can control the motion of Brownian particle by the splitting effect.
Conclusion
In summary, the transport of Brownian particle in a 3D throat-like channel with an external driving force is studied. In the fixed geometry channel, the external force can modify the motility of Brownian particle. A variation of the channel cross-sectional area can modify the entropy barrier, increasing (or decreasing) the entropy of particle, which can affect the mobility of particle. The transport of Brownian particle can be tuned by the entropy barrier or the external force. The results can be applied to particle separation techniques, Brownian motors, detection and analysis of biomolecules.
